
daß kältere Randschichten die Messung verfälschen, 
kann dadurch umgangen werden, daß man mit einer 
sauberen, von absorbierenden Atomen freien Fen-
sterspülung den störenden Einfluß dieser Schichten 
stark reduziert. Außerdem besteht die Möglichkeit, 
die Bestimmung der Umkehrtemperatur in den von 
den Randschichten kaum beeinflußten Linienflügeln 
durchzuführen. Andererseits erlaubt gerade die Tat-
sache, daß das Plasma für die Kaliumresonanzlinien 
optisch dick; ist und die Strahlung hier annähernd 
Hohlraumstrahlungsintensität bei der Elektronen-
temperatur erreicht, eine sehr einfache Abschätzung 
des Strahlungsverlustes, wenn man den spektralen 
Intensitätsverlauf experimentell bestimmt. Die Mes-
sungen ergaben, daß der mit Hilfe der Linienumkehr-

methode ermittelte Elektronentemperaturverlauf in 
Abhängigkeit von der mittleren elektrischen Strom-
dichte in guter Ubereinstimmung mit dem aus den 
Leitfähigkeitswerten und aus der Theorie berechne-
ten Verlauf steht. 
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It has been suggested 1 that counting photons scattered from a single-mode laser beam passing 
through a plasma, may be used for determining correlations in the plasma. Higher-order moments 
of the distribution of photon counts are related to an ensemble average of higher-order products 
of the electric field. Hence, this method yields also information about higher-order correlations 
of the electron density fluctuations, in contrast with the measurement of the scattering cross section 
which depends only on second-order correlations. In this paper, the connection between the statistics 
of photon counts and the properties of electron density fluctuations is discussed in detail, concen-
trating on the first and second moment of the photon count distribution. The incident wave is 
assumed to be plane and ideally monochromatic. For stable plasmas in a steady state, the results 
are written in terms of the distribution functions of the electron and ion velocities. Weakly turbulent 
unstable plasmas in the phase of exponential growth are also considered, using as a characteristic 
parameter the spectrum of the electric micro-field. 

1. Introduction 

Utilizing the highly monochromatic, intense light 
sources provided by lasers, it has become possible 
to obtain the spectrum of electron density fluctua-
tions in a plasma, which is equivalent to determin-
ing the second-order density correlations in space 
and time, through the measurement of the cross 
section for light scattering 2i 3. On the other hand, 
the light generated by a laser in continuous opera-

1 B . CROSIGNANI and P . D I PORTO, P h y s . Let t . 2 4 A , 6 9 [ 1 9 6 7 ] . 
2 See, e. g., G. BEKEFI, Radiation Processes in Plasma, J. 

Wiley, New York 1966. 

tion has also a high degree of coherence, owing to 
the constancy of its frequency and intensity (of 
which no use is being made in scattering experi-
ments aiming at the determination of the cross sec-
tion). This property suggests that it should also be 
possible to determine higher-order correlations of 
the electron density in a plasma from the scattering 
of laser light. One way to achieve this is by investi-
gating the statistics of the scattered photons, which 
can be done by photon-counting1. The method is 

3 I . B . BERNSTEIN, S . K . TREHAN, a n d M . P . H . WEENINK, N u c l . 
Fusion 4, 61 [1964]. 
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essentially based on the fact that the distribution of 
photon counts, registered on the sensitive surface of 
a suitable detector, is determined by the correlation 
functions of the electromagnetic wave field (cf. 
Refs. 4 _ 6 ) ; these in turn reflect directly the correla-
tions between the plasma electrons, provided that 
the incident wave is sufficiently coherent. Of course, 
the method is not limited to plasmas, but can be 
used to obtain correlations in any scattering me-
dium. Its application to liquids has been discussed 
in Ref. 7. 

In this paper we want to discuss in more detail 
the connection between the statistics of photon 
counts and the correlations of the electron density 
fluctuations in a plasma, briefly outlined in Ref. 1. 

In Sect. 2 we recall the basic expressions for the 
moments of the photon-count distribution in terms 
of the correlation function of the electromagnetic 
field. The relation of the second-order correlation 
function to the conditional probability for pairs of 
photon counts is also touched upon. In Section 3 these 
correlation functions are specialized for the case of 
light scattered from a non-relativistic, low density 
plasma, considering both the case that the counter 
receives only the scattered light and the one that the 
incident wave is also collected. Explicit formulae in 
terms of the Fourier components of the electron 
density fluctuations are given for the first- and 
second-order correlation functions, supposing for 
simplicity the plasma to be spatially uniform and in 
a steady state. The special case of fluctuations of a 
frequency much lower than the frequency of the in-
cident wave is considered in Section 4. It covers 
in particular all fluctuations, relevant for light 
scattering, which are excited by the microscopic 
dynamics of a non-relativistic low-density plasma in 
the absence of external fields. These can be evaluat-
ed, e. g., from the "microscopic Vlasov equation" 
in a well-known way 8 - 1 1 . As a result, the statistical 
properties of the scattered light can be expressed, 
for stable plasmas in a steady state, in terms of the 
electron and ion distribution functions, and for 

weakly turbulent, unstable plasmas in the regime 
of exponential growth, in terms of the spectrum of 
the fluctuating electric micro-field. In Section 5 the 
results are summarized and some experimental im-
plications are touched upon. 

2. Basic Relations 

In a photon-counting experiment, one may de-
termine the number of photons C(t), recorded by a 
suitable detector during a given time interval (0, t). 
This number being a random variable, its distribu-
tion function p[C(t)] can be obtained by repeating 
the experiment many times under equivalent condi-
tions. The dependence of this distribution function 
on the statistical properties of the electromagnetic 
field under investigation is most easily expressed 
with the help of its factorial moments 

C' = 0 
CI 

(C-m) ! ' 

which are directly related to the correlation func-
tions of the field. 

Considering for simplicity the case of a linearly 
polarized field, one has explicitly 6 

. CI . 
« (C-m) I > 

t t m 

= - • • / • ( ? ( - ) ( « ' , . . . , 4 ) 7 7 d « ; . ( i ) 
0 0 7=1 

Here N is the total number of active atoms in the 
counter, s its sensitivity, and G{m?> the m-th order 
correlation function of the electromagnetic field 
with respect to time at the counter, i. e., 

G<"> tm) = (E(-> (R, t[)... £(-) (R, t) 

£ ( + ) ( R , 4 > . . . £ ( + ) ( R , ^ ) > (2) 

with R the (mean) position of the counter, E 
and the positive and negative frequency parts 
of the electric field operator, and the brackets ( ) 
denoting the quantum-mechanical expectation value. 

4 R.J.GLAUBER, Phys. Rev. 130, 2529 [1963] ; 131, 2766 
[1963], 

5 L . MANDEL and E . WOLF, Rev. M o d . Phys. 3 7 , 2 3 1 [ 1 9 6 5 ] . 
6 R.J.GLAUBER, in: Quantum Optics and Electronics, Les 

Houches 1964, Gordon and Breach, New York 1965, p. 63 ; 
and Proc. Conf. Physics of Quantum Electronics, San 
Juan, Puerto Rico, 1965, McGraw-Hill. New York 1966. 
p. 788. 

7 M . BERTOLOTTI. B . CROSIGNANI, P . Di PORTO and D . SETTE, 
Phys. Rev. 1 5 7 , 1 4 6 [1967]. 

8 Y . L. KLIMONTOVICH, Zh. Eksperim. Teor. Fiz. 33, 982 
[1957] ; (Engl. Transl. Soviet Phys. JETP 6 , 753 [ 1 9 5 8 ] ) . 

9 I . FIDONE, S. LAFLEUR, and CH. LAFLEUR, Report E U R - C E A -
FC No. 204, Fontenay-aux-Roses (Hauts-de-Seine), France 
1 9 6 3 . 

1 0 S . and CH. LAFLEUR, Report C E A - R 2 5 2 7 , Fontenay-aux-
Roses (Hauts-de-Seine), France 1964. 

11 For different approaches, see, e. g., Ref. 2- 3 and the litera-
ture cited there. 



The correlation functions of Eq. (2) are a special 
case of the general correlation functions of the elec-
tric field, 
G (m) {x[,x2,..., x2m) = (E( - ) ( Z Ü . . . E<") (xm) 

Et+Hz'm+i)...El+Hx D) 

where x stands for both the space and time coordi-
nates, i.e., Xj = ( r / , tj'). These describe the statisti-
cal properties of a given field completely. Let us 
consider in particular a situation, described by a 
pure state | a) , in which the positive frequency part 
of the electric field is uniquely determined (cf. 
Refs. 4' 6 ) , so that one has 

E(+Hr,t)\a) = Ea(r,t)\a) 
and (a\E^Hr,t) = {a\El(r,t) 

where the function Ea(r,t) is the corresponding 
eigenvalue of E ( f , t). Such a state may be called 
"fully coherent". It is immediately seen that in this 
case the correlation functions reduce to the factoriz-
ed form 

m 2m 
c<«> (*!,..., x2m)=ije: (x'j) n e „ (*;•) 

7=1 j—m+1 
m f f 

= J J G^ {Xj , X 2m+\~j) • 
;=1 

In the special case m = 1 this is, in fact, the classical 
condition for coherence as defined through an inter-
ference experiment5. Furthermore, the preceding re-
lation, together with Eq. (1) , shows that for a fully 
coherent state the factorial moments of the distri-
bution of photon counts reduce to 

that is, the distribution is Poissonian. It is impor-
tant to observe that an ideally stable laser oscillating 
in a single mode generates just such a fully coherent 
electromagnetic field. For reference, it may be noted 
that for a Gaussian distribution of coherent states6 

the factorial moments would be given by 

<iclbri>=ml<c>m-

If the state of the field may be described by a 
statistical superposition of fully coherent states and 
the contributions due to vacuum fluctuations can be 
neglected4' 6, the correlation functions G ^ can be 
written 
G^(xi...,x 2) 

= ( E a ( z i ) . . . E*(a4) Ea{x'm+i)... Ea(x'2m)) 

where the brackets ( ) now represent simply an en-
semble average. In this case a classical theory is 
adequate for the calculation of the amplitude of the 
electromagnetic field. In practice this means that 
one may also use, instead of Ea(r,t) , the classical 
"analytical signal" 

00 
E(r,t) =P+{E{r,t)} = 2 f*™a(r,<o) exp(itot) 

b ' (3) 

where a(r, co) is the Fourier transform in time of 
the classical amplitude of the electric field E{r,t), 

+00 
a (r, co) = J dtE (r, t) exp ( - i co t). (3') 

—00 

In the following we shall interpret the formula of 
Eq. (2) in this sense. 

It may be noted that there is a more direct way 
of determining the correlation functions 

which has also some experimental advantages. It 
consists in measuring the probability of delayed 
coincidences of two or more photons at the 
counter. For example, the conditional probability 
pc(t, t + r) Ax that a photon count will be registered 
in the time interval t + x ^t' ^t + i -\-Ar, if one 
has occurred at time t, is given by 12 

. , . dC(f) dC(f-l-T) . / . d C ( t ) . . . . 

or explicitly6 

pc(t, t + r) = Ns G®(t, t + r)/GW(t) with r > 0 . (4') 

3. Photostatistics of Light Scattered by a Plasma 

Let us suppose that a plane electromagnetic wave 
which is fully coherent as defined in Sect. 2 and 
whose electric vector is given by 

Et{r,t) = A cos ( f c i - r - c o i i ) 

passes through a plasma by which it is scattered, 
and let its frequency cox > 0 be large enough so that 
the coherent response of the plasma does not affect 
the propagation of the wave. The analytic signal 
corresponding to the total electric field at the coun-
ter is respectively 

E(R,t)=E1(R,t)+E2(R,t) (5) 

12 See, e. g., Ref.5 , p. 272. 



or and E2(R,t) describing the scattered wave. The 
E(R, t) = E2(R, t) (5') situations corresponding to Eqs. (5) and (5') will 

if the counter does or does not receive also the in- b e r e f e r r e d t 0 f r o m n o w o n a s C a s e 1 a n d C a s e H ' 
cident wave, with respectively. Explicitly we shall use in the follow-

E1(R,t) =Aexp[i(co1t-k1-R)] (6) 
ing 13, 14 

E2(R, t) = P+ {--J j" d3r Et (r,t- xs xs n\r,t-
R-r 

(6') 

[ ( A x s ) X S ] j* y ^ 2 ^ e x p [ i c o 2 ( « - / ? / c ) ] [ n ( f c 2 - f c 1 , c o 2 - c o 1 ) + n(k2 + k1,oj2 + c o j ] 

(7) with k2=(a)2/c)s, S = RJR, and r0 = e2/mec2 

the classical electron radius; furthermore 

n ( r , t ) = 2 d(r-r}(t)) 

is the electron density with Tj{t) the position of the /-th electron, so that 

(8) 

T T 
n{k, co) EE F d3r $dtexp[i{k-r-cot)]n(r, t) = 2 f exp{i[fc-r ;-(«) -u>t]} , (8') 

V 0 j o 

V is the volume of the scattering plasma, assumed 
to be large with respect to the typical wave length 
of the electron density fluctuations, and T the dura-
tion of the experiment, supposed long compared to 
characteristic fluctuation periods. Eq. (6') is valid 
for R ^ k a n d F^', provided that the electron 
velocities are non-relativistic, the excursions of the 
electrons induced by the wave are small compared 
to all other relevant lengths and multiple scattering 
can be neglected (which requires | E2 | \ |, that 
is, in thermal equilibrium, (r0

 2/r!>) Ne < 1 with Ne 

the total number of scattering electrons in the 
plasma). Use has also been made of the fact that, 
because of their small mass, the scattering is pre-
valently due to electrons. 

Limiting ourselves for simplicity to situations 
where E2 is parallel to Et (i. e., to a wave whose 
electric vector is perpendicular to the plane of Fig. 1, 

•nter 

PLASMA 
Fig. 1. Scattering of an electromagnetic wave by a plasma. 

13 The derivation of this formula is given for example in 
Ref. 2 ; see also K. H. PANOFSKY and M. PHILLIPS, Classical 
Electricity and Magnetism, Addison-Wesley, London 1956. 

or to small scattering angles), Eqs. (2) and (5) yield, 
for non-vanishing scattering angles, in Case I, e. g., 

G^H't) =\E1C t)\2+ (El(h) E . i h ) ) (9) 

and 

AG{h,t2) =G®{t[,t2) -G^Hh) CW(i) 

= 2 Re { £ ( * ; ) £ ( 4 ) (E2(h)E2(t'2)) 

+ El(t'1)E1(t2) (E2(t'1)El(t'2)) 

+ E{(t'i) (E2(t'2) El(t[) E2(t2)) 

+ E\{t2) (E2(t2) El(t[)E2{t[))} 

+ (El{t[)E2(t[)fr2{t2)E2{t2)) (9') 
-(El{t[)E2{t[)){El (t2)E2(t2)}. 

where all fields are to be taken at the position R . 
In deriving these relations, 

(E2(R,t))= 0 (10) 
has been used, which is a consequence of Eq. (6') if 
the fluctuations are random, that is, 

(n(r, t)) = Ne/V = const 

is valid, so that 
(n(k, co)) = 0 for fc+0. (11) 

In Case II, Eqs. (9) and (9') hold with all terms 
containing Ex omitted. 

14 Cf. also W.H.KEGEL : Report IPP/6/21, Garching bei 
München, Germany 1964. 



Whereas for the coherent incident wave the statistics of photon counts is Poissonian, the interaction with 
the plasma introduces a non-Poissonian contribution. For the second-order factorial moment this is given 
by 

A = <C2> - <C> - <C>2 = (TV s)2 J / dt[ dt2 AG(ti t'2); (12) 
o ö 

as Eq. (9') shows, this is related to ensemble averages of products of the scattered electric field of second, 
third, and fourth order (the second and third order appearing only, if the counter receives also the incident 
wave [Case I ] ) . 

Putting the expressions (6) and (6') into Eqs. (9) and (9') , the effect of the interaction with the plasma 
on the first and second order correlation function of the electromagnetic field may be expressed in terms 
of ensemble averages of products of electron density fluctuations. In general, the explicit expressions are 
fairly involved. Therefore we shall give them here only for the case of ensembles which are uniform in 
space and time. In Case I, one then obtains after some algebra 

+ oo 
G(i) = |^|2{l + ^ ^ m o ^ r | ^ ( | n ( f c 2 - f e 1 , a ) 2 - C o 1 ) | 2 ) } (13) 

—oo 

oo 
C®-(t 2 -h)=\A\* H m 2 Re exp [{(co, - co2) (t2 -t[)] (13') 

o 
•[(I CÜ2-CO!) |2) + (Intks + fcl^ + COj)!2 ) ] , 

neglecting in the last expression terms of order (ro//?4) N2 [those formally of order (rl/R3) N%2 are ex-
actly zero for spatially homogeneaus ensembles] 15. In Case II one has instead 

+ o o 

GW = \A | 2 ^ r l i m (14) 
— oo 

and 
AGih-tl) +GW = GVHk-h) 

= \A\*t R* 

oo 

lim I 1 , da> 2 dw 2 dw2 , dcor^(co 2 -W2+co2 / -a )2 ' ) ei(<a2_CÜ2')(<2'"il') (14') 
r-> oo 1 \£ n> J 

o 

{(n( — fca-feu — co2 —cox) n(k'2 + co2 + «i) n(-k2 -kt, — co2 -coj) n(k2" + k1,co2" -fWj)) 
+ (n( -k2- kt, — co2 — C0j) n{k2 + kt , <x>2 4-coJ rc( — JC2' - a>2 + 0^) n(k2' — fcl5 co2' — cot)) 
+ (n( - k2 -fel5 — co2 - co±) n(k2 - , co2 - c o j n(-k2 +kt, - co2 + a^) n(k'2 + k1,co2' + cot) ) 
+ (n( — k2 + k1, — cog + coj) n(k2 + kt, co2 + CO1) n(-k2 - k±, -co2 -co^ n(k2' -fcl5 co2" — a ) 
+ {n(-k2 + k1, -co2 + (X>x) n(k2 —klt(0 2 - ft^) n( -k2 — klt -co2 -OJx) n(k2" co2' + cot) ) 
+ (n( -k2 + klt - a>2 + C0i) n(k2 - fcl5 co2 - Cüj) n{- k2 + fcl5 - co2 + <«!) n(k2" - k1,co'2 - a^ ) ) } 

with &2W)= (^sTV0) s • The preceding relations can non-vanishing only if the latter can be combined in 
be deduced most easily by using Eq. (8') and ob- pairs of differences. Note also that Eq. (8') implies 
serving that, for spatially uniform ensembles, aver- the property n( — k, -co) =n*(k, co). 
ages of the form (exp (i k-q(t))) with q(t) a li- The above results show that if the counter re-
near combination of electron positions Tj(t) are ceives also the incident wave (Case I) , only infor-

15 The expression for A following from Eqs. (12) and (13') density fluctuations. It may be used, however, if these are 
is different from the one of Eq. (3) of Ref.1 . The latter typically small compared to the frequency a>t of the 
has been based on an expression for the scattered field incident wave (cf. Section 4). In most of the practical 
which is not consistent for arbitrary frequencies of the applications this condition is satisfied. 



mation about the second order (i. e., two-particle) 
correlations can be acquired. In particular, C 
yields the spectrum of the electron density fluctua-
tions, integrated over frequency, and ^ C 2 ^ gives an 
expression which is related to the cosine transform 
(in frequency) of this spectrum (cf. Sect. 4) . Higher 
moments are more complex functionals of the sec-
ond-order correlations between electrons (to lowest 
significant order in (r02/R2) Ne). On the other hand, 
if the counter collects the scattered wave only (Case 
II) , one obtains also knowledge about higher-order 
correlations. Whereas C ^ gives again the integrat-
ed spectrum of electron density fluctuations, ^C 2 ^* 
is now related to the fourth-order (i. e., four-particle) 
correlation function of the electrons. Generally, the 
moment ^ C c o n t a i n s information about correla-
tions of order 2 m between electrons. 

4. Effect of Self-Excited Fluctuations 
in the Plasma 

The results of the preceding Section may be ap-
preciably simplified if the relevant fluctuation fre-
quencies are small compared to the frequency coi of 
the incident wave. This is usually true, e. g., for all 
fluctuations due to the collective interaction be-
tween plasma particles. These have namely frequen-
cies in the range of the plasma frequencies of the 
particle species constituting the plasma, which must 
be small with respect to co1 if the incident wave is to 
propagate unaffectedly by the presence of the plasma. 

More generally, all relevant self-excited fluctuations 
in a non-relativistic low-density plasma are then of 
this type, since the ones associated with the free-
particle motion have frequencies not larger than 
kXV = CJOx v/c ^ cOj, with V a characteristic electron 
velocity [cf. Eq. (24) ] . 

In such a situation n(k, co) is large only for 
j CO I < 0JX as can be seen from Eq. (8 ' ) . Hence, 
without any significant error, Eq. (6') with A _L S 
can be replaced by 

E2(R,t) = 
+ oo 

= R 4 fZ eiW2{t~R,C) n^S-k^co,- cot) 
(15) 

= A e'W'-Ä/c) n[^8-kltt- R/c) 

where 
+ 0O 

7i(fe, t) = j ^ eiwi n(k, co) = 2 exp{ik'Tj(t) } . 

— oo 
With K = (coj/c) s-kt (16) 
this yields for Case I 

C (1) (fl) = M | 2 { 1 + (rt/R2) {\n(K,t[ - R/c) \2)} 
(17) 

and, to lowest significant order, 

AG(t[,t2) = \A\*(rl/R2) (17') 
•2 Re {(n(K, t[ -R/c) n(-K,t2-R/c))}; 

for Case II one obtains 
C(1) (h) = | A 12(rljR2) (| n(K, t[ - R/c)|«> (18) 

AG(tlt'2) =\A\*r-<t{(\n(K,tx — R/c) |21 n(K, t2 — R/c) |2) — (| n(K, t[ - R/c)\2) (\n(K,t2 - R/c)\2)} . 

(18') 

The preceding formulae are valid if the ensemble satisfies condition (11) ; the uniformity of the en-
semble in space and time is not required. In a steady state GM is time-independent and AG depends only 
on t2 — tx ; then AG as given by Eq. (17') is proportional to the cosine transform in frequency of the spec-
trum of fluctuations of the electron density. For the higher G ^ analogous expressions can be derived; in 
Case II one obtains in particular 

G w «;,..., t'm) = \A 12m(r0/R)2m (I n(K, t[ - R/c) |2 ... | n(K, t'm - R/c) \2) . (18") 

For reference, we shall give in the following ex-
plicit expressions for the averages appearing on the 
right-hand sides of Eqs. (17) to (18') for an iso-
lated stable plasma in a steady state. This can be 
done along the lines well-known in the theory of 

light scattering 2' 3' 9 ' 1 4 . For unstable plasmas these 
averages will be written in terms of the fluctuating 
electric microfield, assuming a regime of exponen-
tial growth. 



4a) Stable Plasma 

The electron density fluctuations in a plasma can 
be evaluated, e. g., starting from the "microscopic 
Vlasov equation" 8~10, which is equivalent to the 
dynamical equations of motion of all the plasma 
particles. For a plasma consisting of electrons and 
one species of singly ionized ions, one has in the 
absence of external fields 

3v(a) 3v(a) _ ea „ 3v(a) Ä 
(19) 31 + V Br + —E' ma. dv 0 

where E(r, t) is now the internal microscopic field, 
determined by the charges of the plasma particles 
through Poisson's equation 

div E = 4 Jie J d3y (r® — v^), (20) 

v ^ being defined by 
vW (r, v, t) = 2 < 5 ( r - vf (t))S(v-vf> (t)) 

) 
and the superscript a = e, i referring to the electrons 
and ions, respectively; (j) and V ^ (t) describe 
the position and velocity of the y'-th particle of the 
species a. In particular, one has 

J d3u (r, V,t) =n (r, t). 

Provided that the relevant fluctuations are weak 
and unaffected by external fields, and the plasma is 
homogeneous (i. e., can be described by an ensemble 
uniform in space) as well as on the average neutral, 
Eq. (19) may be replaced by 

| d v ^ + v ~ ,(M*) + — E • at dr ma 

3/(a) 
dv = 0 (21) 

with fto(v,t) = { the one-particle distribution 
functions of the species a and 

<Ma> (r, v, t) = vM (r, v, t) - / « (v, t). 

In a steady state, f^ is a function of V only. It may 
be noted that the transition from Eq. (19) to Eq. 
(21) implies a "linearization" in the fluctuations 
#y(*) 9. 10. 

From Eqs. (20) and (21) the Fourier compo-
nents of the fluctuations of the electron density can 
readily be calculated (for details, see, e. g., Ref. 9 ) . 
One obtains for fe 4= 0 

n(k, co) =Be(k, co) nL6) (fe, co) + 5;(fe, co) n^ (fe, co) 
(22) 

where 

with 

R ,, . 1 — G\(k, (O) 
ße(K,co)= l_G e (A,<y)-Gi(Ä,ca) ' 

Fl. (J? m) -Ge(k, co) 

„ . 4 tt e2 .. f 3 k- 3/(a)/3r 

(23) 

(23') 

the quantities nL) describe the evolution of the ini-
tial density fluctuations of electrons and ions with 
particle interactions neglected, that is, one has 

n<La) (r , t ) = 2<S(r-r<a ) ( 0 ) - v f (0) t) 

or after Fourier transforming 

"(La) (fe, n ) = 2 n 2 exp{i fe • i f > (0) } 
J 

•d{co-k-vf (0) ) . (24) 

Inverting the Fourier transform in time and ob-
serving that /IL) and n^ are statistically indepen-
dent, so that 

</i(Le> (fe,o>) n g > ( - f c , a / ) ) = 0 , 

one obtains immediately from the preceding rela-
tions 

{n(k,t) n(-k,t')) =V $dsvexp{-ik-v(t'-t)}{\Be(k,k-v)\2f&(v) + | B^k, k-v) |2 / « ( v ) } , (25) 

since in a steady state the average ( ) over different initial conditions can be taken using the particle dis-
tribution functions ( v ) . In particular, one finds 

(|7i(fe, t)|2) = V jd3v {| Be(k, k-v)|2/(e)(v) + \Bi(k,k-v)\2p(v)}. (26) 

independent of time. Furthermore, one derives 
(| n (fe, t) I2 | n (fe, t') |2) = V J d3u |5e(k,fc-r)|4 (V) + V2 J d3ü d V { l + exp [ - i fe• (v-v') (*' -1) ]} 

•|ße(fe,fe-V)|2/(e) (V) 

+ {the same terms with i — > e} 

Ne(Ne-l) 
NJ Be(k, k-v')|2 (v') +15i(fc, k-v')|2 p(v)} 

Neglecting the terms linear in Ne 1 with respect to those proportional to N2, this reduces to 
(I n (fe, t) |2 | n (fe, t') |2) = [(I 7l(fe,/) |2)]2 + |(n(fe, t) 7l( — k,t') )|2 

(27) 

(27') 



showing that in the case of a stable plasma in a steady state with weak excitation of fluctuations the 
fourth-order correlation function of the electromagnetic field is anyway determined by second-order par-
ticle correlations. As a result, formula (18') may be re-written in this case as 

AG (t[, to) =AG(t'2 -tl) =\A\*~£\(n(K,0) n(-K,to - tl)) |2 . (28) 

For times t small compared with a typical correla-
tion time of the electron density fluctuations one 
hence obtains from Eqs. (1), (12) and (18) 

A = <C>2 

which is just the relation valid for a Gaussian dis-
tribution of coherent states (cf. Sect. 2). 

4b) Unstable Plasma 
For an unstable plasma the calculation of the 

fluctuations is in general a formidable task, because 
the growth of unstable perturbations is limited by 
complex non-linear phenomena such as coupling 
between different wave modes and effects of the 
waves on the average particle distribution. Espe-
cially, the spectrum of fluctuations reached in a 
steady state depends strongly on the particular 
circumstances. The only thing that can be done 
relatively easy in some generality is to write, for 
a weakly turbulent plasma during the period of 
wave growth, the averages appearing in Eqs. (17) 
to (18 ) in terms of the fluctuating electric micro-
field. 

In this case Eq. (21) remains valid and yields, 
with /(e) (V, t) slowly time-dependent and assuming 

t 
E(k,t) ~exp[ i Jo>(fc ,0 d*'] (29) 

where Im co(fe, t') < 0 , and 

| E(k, t)\>\E(k,0)\, 
i. e., after some e-folding times of the instability, 
for the electron density fluctuations 

n ( f c j J ) = i M ^ M ) k . E ( f c ) < ) . ( 3 0 ) 

Relation (29) holds in the linear and quasi-linear 
regime, whenever the most unstable solution a>(k, t) 
of the dispersion relation dominates the wave 
growth. Note that oj( — k,t) = — co* (k, t) is valid. 

Defining 

so that 
£(k,t,t) = £(k,t) (31') 

is the fluctuating electrostatic energy density per 
mode fe, one obtains from Eq. (30) 

(n(fe, t) n( - k, i') = 4 e f Vk2\Gz (fe, co (fe, t)) |2 (£(k, t, t')) , (32) 

(| n (fe, t) |2) = V k* | Ge (fe, co (fe, t)) |2 ( £ ( k , t)) , (33) 

and (| n (fe, t) |2 | n (fe, t') |2) = V2 k4 | Ge (fe, co (fe, t)) |2 | Ge (fe, co (fe, t)) |2 ( £ (k,t) £ (fe, t)) . (34) 

5. Conclusions 

The preceding discussion shows that photon-count-
ing is a useful device for gaining information about 
correlations in a plasma. In principle, correlations 
in electron density of any order can be investigated 
in this way. In this respect, the method is hence 
superior to determining the scattering cross section, 
which yields only the (second-order) spectrum of 
fluctuations, i. e., the two-particle correlations in 
space and time. In particular, as regards two-particle 
correlations in time, the difference between photon-
counting and cross-section measurements is that the 

former yields information directly, while the latter 
require Fourier-transforming of the frequency spec-
trum of fluctuations primarily obtained. 

As a general rule, the m-th moment of the distri-
bution of photon counts in the scattered light is re-
lated to correlations of order 2 m (i. e., to the cor-
relation function of 2 m electrons). In particular, 
the average number of counts in a given time inter-
val yields the (second-order) spectrum of fluctua-
tions integrated over frequency (i. e., the spatial 
correlations of two electrons). Two-particle correla-
tions in time can also be investigated if the counter 
receives the scattered and the incident light simul-



taneously. In the case of a stable plasma in a steady 
state, this can be done also using the second moment 
of the distribution of photon counts in the scattered 
light alone, since here the relevant fourth-order cor-
relations can be expressed in terms of second-order 
correlations in space and time. The information con-
tained in the moments of the photon-count distribu-
tion can also be deduced from measurements of con-
ditional probabilities. 

Up to which order correlations can be obtained 
in practice, depends on the accuracy of the determi-
nation of the distribution function of the photon 
counts (for this cf. Ref. 16) and on the relative im-
portance of "noise photons", not produced by the 
scattering process. It is well-known that even for 
moderately high densities of the order of 1014 par-
ticles per cm3 bremsstrahlung will dominate scatter-
ing completely, unless the intensity of the incident 
laser beam is of the order of a megawatt per cm3. 
However, it is difficult to ensure the necessary co-
herence of the incident beam for such intensities. 
On the other hand, measurements of the photon-
count distribution are feasible at fairly low inten-
sities, since their statistical character allows to spread 
them over a rather long time interval. Hence the 
most suitable densities for performing such measure-
ments should be the range of 1011 —1012 particles 
per cm3 where cross section measurements are ex-
tremely difficult. This is true also for delayed-
coincidence measurements 17, for which the problems 
occurring are quite similar. 

1 6 F . T . ARECCHI, A . BERNE, A . SONA, and P . BURLAMACCHI, I E E E 
J. Quantum Electronics QE-2, 341 [1966]. 

17 For further details about this method, see B. L. MORGAN 
and L. MANDEL, Phys. Rev. Lett. 16, 1012 [1966] and the 
literature cited there. 

A high precision of the measurement of the pho-
ton-count distribution is in particular required if 
second-order correlations in time are investigated 
by collecting the scattered and the incident light 
simultaneously. E. g. in thermal equilibrium, the 
relevant non-Poissonian term is of order (r0 2 /R2)Ne 

which for Ne = 1012 particles is typically about 10 - 1 6 . 
Hence such a measurement seems feasible only if 
the fluctuations contributing to the scattering are 
strongly enhanced with respect to the thermal level 
so that the non-Poissonian contribution is appre-
ciably increased, that is in situations which are un-
stable or "almost" unstable (i. e., close to marginal 
stability18). The conditions may, however, be im-
proved, too, by decreasing the intensity of the in-
cident beam which is brought to the counter. 

It must also be emphasized that the determination 
of time correlation through photon-counting re-
quires an explicit time resolution of the measure-
ments which is at least smaller than the characteris-
tic correlation time, the latter being typically of the 
order of the characteristic damping or amplification 
times of the fluctuations. If the incident light is also 
collected the relevant non-Poissonian contribution to 
G ^ is oscillatory with a period of the order of the 
typical fluctuation periods and, consequently, the 
time resolution must then be of this order, too. 
Since all characteristic times are larger at lower 
densities, the low density range is more favourable 
for photon-counting experiments also from this 
point of view. 

18 Special examples of this type have been treated, e. g., by 
M . N . ROSENBLUTH and N . ROSTOKER, Phys . F luids 5 , 7 7 6 
[ 1 9 6 2 ] , and F . PERKINS and E . E. SALPETER, Phys . Rev . 1 3 9 , 
A 55 [1965], See also Ref 2 and the literature cited there. 


